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Abstract 

Elliptic stochastic differential equations (SDE) make sense when 
the coefficients are only continuous. We study the corresponding lin- 
earized SDE whose coefficients are not assumed to be locally bounded. 
This leads to existence of solution flows for elliptic SDEs with 

Holder continuous and HpWj '<? coefficients. Furthermore an approx- 
imation scheme is studied from which we obtain a representation for 
the derivative of the Markov semigroup, and an integration by parts 
formula. 



1 Introduction 

Let Ai, l^l^m, be continuous vector fields on R n . We consider stochastic 
differential equations of Markovian type 



d& = Y,MZt)dWj + M&)dt (LI) 
1=1 

where (Wj, l^l^m) are independent Brownian motions. Denote by An the 
components of A\ hence A\ = (Au,A2i, • • • , A n i) T . Write A = (A\, . . . , A m ) 
for the n x m matrix with the induced n x n-matrix A* A whose entries are 
Oij(x) = YaLi Au(x)Aji(x). For iER" let £ t (x) be a solution to the SDE 
(jl.ip with initial value x. If the function A\ are weakly differentiable there 
is formally the linearized SDE, 

m rt rt 

V t (x) = I + J2 / DA l (Ux)){Vs(x))dW l s + / DA Q (Ux))(V s {x))ds (1.2) 
l=1 Jo Jo 
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whose solution is a n x n matrix valued random function. Here DAi : R n — > 
L(R n ,R n ) denotes the function DA t {x) = (DA u (x), DA nl {x)). In the 
case of the vector fields Ai being smooth and when a global smooth solution 
flow to SDE (jl.ip exists, the solution to (|1.2p corresponds to the derivative 
of the solution with respect to initial data. Here in Section 2 of the 
paper we do not assume local boundedness of DAi. We state below our 
two basic sets of assumptions, which are used to show a key convergence 
theorem. 

Assumption 1.1. (1) A(x) is uniformly elliptic, for some 9 > 0, 

n 

a n( x Mj > #!£| 2 , Vx e R n , i = (&,...,£„) € R n . (1.3) 

(2) Each Ai(x),0 ^ I ^ m is uniformly Holder continuous , i.e. for some 
positive K and < a < 1, 

\Mx) - My)\ ^ K\x - y\ a Vx, y G R n 

and sup^gj^n 1^4/(^)1 ^ for some M > 0. 

(3) A a € < c 2n (R n ). 

Assumption 11.11 is essential for existence and uniqueness of the strong 
solution of SDE (jl.ip . as well as the convergence of our approximating 
scheme. By Stroock-Varadhan theorem conditions (1) and (2), drawing 
from parabolic PDE theory on regularity of solutions, assure the existence 
of a weak solution to SDE (jl.ip . And the uniform Holder continuity in (2) is 
crucial to derive some upper bound for the fundamental solution of parabolic 
PDE. Part (3) is the basic assumption, for the existence of a strong solution 
and pathwsie uniqueness of the elliptic SDE, in Veretennikov [23] • In fact 
in Watanabe-Yamada's celebrated paper |24| . it was shown that pathwise 
uniqueness holds for non-Lipschitz vector fields with regularity of the form 
\Ai(x)- My)\ < Pi(\x-y\),l< I «S rn, \A (x) -A (y)\ < p 2 (\x-y\), for e.g. 
pi(t) = t^J\ log 1 1 , P2(t) = t\ log 1 1 when t is small, essentially the same reg- 
ularity required for the uniqueness of a deterministic differential equation. 
See also a recent work by Fang-Zhang [9] for latest progress. When the SDE 
is uniformly elliptic this condition weakens as in the work of Veretennikov 
[23] . About the existence and uniqueness of the strong solution of SDE (jl.ip , 
see also the work of Krylov-Rokner [18] who discussed SDEs with additive 
noise with drift in LP and Flandoli-Gubinelli-Priola [11] for SDE with 
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diffusion coefficients and a 'locally uniformly a-H61der continuous' condition 
on the drift coefficient. See also Zvonkin and [27] and Zhang |25j . 

Here in this paper we take advantage of the elliptic system at the level 
of the derivative flow. 

Condition G(a,T ). Let G(x) := Y]{Lq \DAi{x)\ 2 . There exist a > 
and Tq > such that for all bounded set 5 



where K s {x,y) is the heat kernel on R". 

For example if G G L 1 1 oc (R n ), G(x) ^ C\x\ 2 for x outside of a compact 
set, this condition holds on the time interval [0,T] if aT is sufficiently small. 
If the weak derivatives DAi (x) grows sub- linearly the integrability holds for 
all parameters. 

Consider an one-dimensional example (n = 1), with 1 = 1, A±(x) = 1 + 
fo (\J P\ l°g \y\ \l\ y \^i^dy where /3 > is a positive constant, and Aq(x) — 0. 
The SDE (jl.ip with above coefficients satisfy Assumption 1 1 . 1 1 and Condition 
G(a, Tq) for all < a < \ and To. In fact, it is obvious that Assumption 
11.11 holds and note that for any Tq > 0, 



so Condition G(a, Tq) holds if a < 4. 

The first result we state here is on the construction of a solution to the 
derivative SDE (II. 2p . We show that there is a regularising family of elliptic 
SDEs with parameter e such that the derivative flows Vf converge under a 
small time interval when e tends to , and the limit process is the unique 
solution of SDE (|1.2p on this time interval. And from that we construct a 
solution of SDE (II. 2p in any time interval. In particular, the derivative in 
SDE (jl.2p is the weak derivative. Under these conditions A[ are not regular 
enough for us to obtain the required bounds directly we employ the upper 
bound of the Markov kernel and the integrable condition of DA\ to estimate 
the moments of the derivative process. 

Theorem 12.101 Under Assumption 11.11 and condition G(a, Tq), there 
exists a process Vt(x), ^ t < oo, such that for each p > 0, there is a T4 > 
as in Lemma |2.7[ 



sup / 

x£S JO 





e aGiy) K s {x,y)dyds 




lim sup E sup I Vg (x) - V s (x) \ p = 

xeS 0^s^T 4 
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holds for any bounded set S in R n . Furthermore, the process Vt(x) is the 
unique strong solution of SDE (|1.2p . 

In the case of locally Lipschitz coefficients the result to compare with is 
that of Blagovescenskii-Friedlin [1] , which goes back to 1961, where it is 
stated that if the coefficients are globally Lipschitz continuous, there exists 
a version of the solution which is jointly continuous in time and space. This 
result has been strengthened in terms of the growth on the derivative of the 
vector fields if all the vector fields are differentiable. See e.g. Li [15], Fang 
|10| for the cases about SDEs with locally Lipschitz continuous coefficients. 
See also Zhang [26] for the case in which the coefficients are not Lipschitz 
continuous. In a recent work [IT], Flandoli-Gubinelli-Priola study the case 
where diffusion coefficients are drift coefficients are locally uniformly 
a- Holder continuous and obtain the existence of a version of the solution 
which is C 1 with the space variable and a Bismut type formula. 

As for the continuous flow property, let £t(x,ui),0^t < ((x,co) be its 
maximal solution starting from x and C( x ) is t ne explosion time which we 
assume to be oo a.s. for each fixed x G R n . It is indicated that if Vt(x) is 
a version of D x £t(x), the derivative of £t(— ,oj) at point x, moment bounds 
on Vt (x) relates to both completeness and strong completeness [151 05] • F° r 
example non-explosion from particular starting point and the condition that 
sup xg5 E sup ss gj I (x) | p Xt<f (x) for a ll bounded set S and some p > n implies 
completeness from all initial points and the strong completeness , i.e. the 
existence of a version of the solution which is jointly continuous in time and 
space. 

The essential analysis on SDE's whose coefficients are locally Lipschitz 
continuous are gathered in section [3l Suppose that Assumption 13.11 in Sec- 
tion [3] holds and Ai are elliptic there is a smooth approximation for the 
derivative process and the uniform convergence holds on any time interval. 
In this case a sequence of Lipschitz continuous cut-off functions are employed 
to approximate a Locally Lipschitz continuous system and we can remove 
the boundedness conditions on A\ and D A\. 

From this, for the SDE whose coefficients satisfy the conditions above, 
we obtain a representation for the derivative of the Markov semigroup as- 
sociated with the SDE, the intertwining property of the differential d and 
the semigroup Pf. Another application is that it can be shown that under 
suitable conditions there is a continuous version of the solution, which is 
furthermore weakly differentiable and belongs to the Sobolev space for 
some p in small time interval. We also prove an extrinsic integration by 
parts formula on path space. 
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Standard investigation with regularity of stochastic flows assumes a local 
Lipschitz condition. The following result compliments known results, see 
e.g. Kunita [19]. We say that an SDE has a global continuous solution 
flow is strong complete if for each starting point x there is a global solution 
(£t(x),t^0) and that there is a modification with (t, x) G [0, oo) x R™ — > 
£.(-,uj) G R n continuous almost surely. 

Theorem 14.11 Under Assumption 11.11 and Condition G(a, To), SDE 
(|1.1|) has a global continuous solution flow. Furthermore for each p > 
there is a constant T5, such that £ t (-,u;) G W^(R n ) for each t G [0,Ts]. 

Theorem 15. II Suppose the Assumption 11.11 and condition G(a, To) hold, 
then there is a constant Tq, such that for each t G [0,Tg], 

dP t f(x)(v ) = jE[/fe(x)) [\Y(Ux))(V s (x,v )),dW s ) Rm ], v G R n 
1 Jo 

holds for all / in B b (R n ). If moreover / G C^R"), for all v G R" and 
* G [0,T 6 ], 

d(P t /)(x)(«o)=Etif(Vt(x,«o)). 

Finally we have the following integration by parts formula . Let C^QO, t]; R n ) 
be the space of continuous functions from [0, t] to R n with initial value x. 

Theorem 15.31 Assume Assumption 11.11 and Condition G(a, Tq). 
There is a positive constant Tq, such that for any t G (0, T%[ the fol- 
lowing integration by parts formula holds for every BC l function F on 
C x ([0, t]; R n ). Let h : [0,t]xS]-} R n be an adapted stochastic process with 
h(-,u) G L^' 1 ([0,t];R m ) almost surely and E(/ * |/i s | 2 ds) — < 00 for some 
P > 0. Then 

EdT(y /i (e)) = ET(e(x)) ( 5^(e) 

for 5F h defined by (pUKD . 

Finally in the Appendix we analyse the non-smooth geometry induced 
by the SDE in terms of an approximation linear connection when R n is 
treated as a manifold. We overcome the difficulty that the limiting connec- 
tion may not be torsion skew symmetric with respect to the relevant induced 
Riemannian metric and obtain an intrinsic integration by part formula. 
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2 An approximation scheme for the derivative flow 



In this section we consider a family of SDEs whose coefficients are smooth, 

d$(x) = ^2Af(^(x))dW l s +Al(C(x))ds (2.1) 
1=1 

with the property that if the solutions £f(x) and £t(x) are the solution of 
SDE (|2.ip and (jl.ip respectively with the same starting point x, there is a 
convergence theorem. 

i 



Let r\ : R n — > R be the smooth mollifier defined by r/(x) = Cel*^ -1 1i x i<i 
where C is a normalising constant such that jr/j^i = 1. Define a sequence 
of smooth functions rj e with support in the ball B e , of radius e centred at 
by rj £ (x) = £~ n rj(j). For a locally integrable function / on R n let f e be its 
convolution with r] e , 



fe{x) = Ve * f(x) = / T] e {x - y)f(y)dy = I r) e (y)f(x-y)dy (2.2) 

JR™ J-B £ (0) 

Then f e —¥ f for almost surely all x and the approximation family are 
uniformly Lipschitz continuous if the original functions are and have uniform 
linear growth if the original function does. To summarise, we have the 
following lemma, (see [7]) 

Lemma 2.1. (1) If f : R n — > R such that \f{x)\ ^ VKM) for ip a positive 
increasing function, then \ f £ (x)\ ^ ^(|x|+e). /// is uniformly Holder 
continuous in R n i.e. \f '(x) — f(y)\ ^ K\x — y\ a for some K > 0, 0< 
a < 1, we have 

sup|/ £ (x)-/ £ (y)| ^K\x-y\ a Vx,y€R n 



and 



lim sup \f e {x) - f{x)\ = 



If f is locally Lipschitz with rate function K then so is each f £ with 
the same rate function, that is \f e (x) — fe{y)\ ^ K(n + e)\x — y\, for 
all x,y € B n . 

(2) If f G Lf oc (R n ) ; then for any R>0, we have 



f^dx^ / f p dx 

hm I \f E - f\ p dx = 
£ ^°J\x\!ZR 
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2.1 Basic Estimates 

Unless otherwise stated we take A e u = r) e * An, Af = (A^, . . . , A e nl ) T . Let 
A 6 = (A\, A E m ) and a?- = YT=\ A ii( x ) A ji( x )- We be g in with a family of 
approximating SDEs, with the smooth coefficients Af defined as above, 



3) 



dt!(x) = x + J2 / Af(e s (x))dW l s + / AUd E s (x))ds (2. 
l=1 Jo Jo 

We summarise below useful property of this approximation. 

Lemma 2.2. Suppose Assumption 2.1 holds, then for some eq > 0, {aL,£ < 
Eq} are elliptic with the same uniform elliptic constant. 

Proof. By Lemma |2. 11 Af^x) are uniformly bounded in all parameters and 
the family of functions AfJx) converge uniformly in R n as e tends to 0. 
Let Eo be such that e < eq, sup xgR n \ a tj( x ) ~ a ij( x )\ ^ J^- Hence for 
xGR",^ = (6,6-,en) €R n , 



it 



Y a ij( x )^J > Y a ij( X )&tj ~ Y \ a ij( X ) - a ij( X )W£Mj\ 
i,j=l i,j=l i,j=l 

n „ n „ n 

^Eif'i 2 -^»Ei«<i 2 = ^Ei&i 2 

i=l i=l i=l 



□ 



Prom Theorem A in [T7], we obtain the following results on the approx- 
imation of £f(x) and £t(%)- 

Lemma 2.3. If as sumption \1.1\ holds, for any p > 0, R > 0, T > 0, 

lim sup E[ sup \e s (x) - U X )\ P ] = 0, (2.4) 

Proof. As indicated in the introduction, Assumption 11.11 implies that there 
is a unique strong solution for SDE (|l.ip . see Theorem 1 in [23]. Under the 
assumptions of the theorem, we may apply Lemma 12.11 and Theorem A in 
[17| to obtain (|2.4p for p = 2. The case of p < 2 follows from the Holder's 
inequality. If p > 2, we have for each T > 0, 



E sup \e s (x)-Ux)\ P = V ( sup !£(*)- &(x)|) ( sup \e s (x)-Ux)\) 



p-i 



< /E[ sup |ei(x)-6(x)| 2 ]./E[ sup mx)-u x )\ 2p ~ 2 ] 



(2.5) 



7 



In fact, from the uniform boundedness of the coefficiens of SDE (jl.ip and 
that of ()2.3|) . we can get the following for all bounded set S in R n , T > 
0,p > 

sup supE sup \£, e s (x)\ 2p - 2 + supE sup |£ s (x)| 2p ~ 2 < oo. (2.6) 

0<e<e xeS 0<s^T x£S O^s^T 

So the conclusion follows from (|2.5|) and (j'2.6|) . □ 

Lemma 2.4. Suppose (£f (x), s ^ 0) are £/ie solutions to the family of smooth 
SDEs §2.1}) . Assume that the coefficients of these SDEs are uniformly elliptic 
with a common uniform elliptic constant 8 and uniformly bounded with a 
common bound M, and sup £ — Af(y)\ ^ K\x — y\ a Vx,y G R n for 

some K > 0, < a < 1. For each (s,x), we assume that £,g(x) converges 
to £, s (x) almost surely as e tends to zero. Then the distribution of £ s (x) is 
absolutely continuous with respect to the Lebesgue measure in R n , and we 
have the following estimate for the transition kernel p s (x, .), 

Ps (x,y) ^Cis-t e ~W, V s G (0, T], x,y £ R n (2.7) 

where the constant C\ depends only on K, a, M, 8, n, T. In particular, under 
the Assumption M . 1\ the estimate holds for the Markov kernel of SDE 

Proof. Denote by 23b(R n ) the set of bounded measurable functions in R n . 
Since the coefficients of SDE (|2.ip are smooth and Af, 1 ^ I ^ m are uni- 
formly elliptic, the distribution of the solution Q (x) is absolutely continuous 
with respect to the Lebesgue measure in R n for each s > 0, e > 0. (for ex- 
ample, see [20]). Let p £ s (x,y) : R n x R n — > R be the Markov kernel, so for 

/ e <B fe (R n ), 

E/(^(*))= / p e s (x,y)f(y)dy. 

By classical results in diffusion theory, p e s {x,y) is the fundamental solution 
of the following parabolic PDE, 

dt ~ u ij dxidxj l^i ^iO dx t 

u £ (0,y) = 5 x . 

By the estimate for the fundamental solution of non-divergence form parabolic 
PDE, see [H] or [13], there are constants c±,C2 such that for s G (0, T], 

n \x-v\ 2 

p £ s (x,y) < cis-2e 2 ^ , s G (0,T], e G (0,e ]. 
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The constants depend only on the uniform elliptic constants of afj, the 
bounds on and Af , the Holder constants K, a of afj, Af , the dimension 
n and time interval T. In particular the constants are independent of e when 
e is sufficiently small by the condition of this lemma. Take C\ = max(ci, C2) 
for simplicity. 

As assumed in the condition, lim^o £f (x) = £ s (x) almost surely. Taking 
e —7- 0, by the Lebesgue dominated convergence theorem, for each / 6 

C 6 (R n ), 

E/(£ s (x)) < C lS -§ / e~^f(y)dy (2.8) 

For every bounded open sets O in R n , let fk be a sequence of non- 
negative functions in Cb(R n ) such that lim^oo = Io where the conver- 
gence is pointwise. Fatou lemma leads to 

n f \x-y\ 2 

E/ (6(a?)) < / e 2Cls ( 2 -9) 

JO 

The same inequality also holds for every open, not necessarily bounded set 
by Fatou lemma. It follows that if T in R n is a set with A(r) = 0, where 
A denotes the Lebesgue, then E7t(£s0e)) = 0. In fact, by regularity of the 
measure, there are open subsets Ok with T C O fc , A(Ofc) I and so 

EJ r (6(x)) < E/ 0fc (£ s (x)) < C lS -2 / e *d' /(y)dy fc ^°° 0. 

Now the distribution of £ s (x) is absolutely continuous with respect to the 
Lebesgue measure in R n for each x € R n and by (j2.8|) for all / € Cb(R n ), 
we have, 

f _n f \*-y\ 2 

/ Ps(x,y)f(y)dy ^ds 2 / e 2C ^ f(y)dy 

By general approximation procedure the above inequality also holds for each 
/ € *Bb(R n ), which implies the Markov kernel p s (x,y) has the same upper 

bound: C\s 2e 2C i s . If Assumption PTTT1 holds, by Lemma 12.11 12.21 and 
Lemma 12.31 au the condition above are satisfied so the upper bounded for 
the Markov kernel of the solution of SDE (jl.ip follows. □ 

Let K s (x,y) := s~^e ~,s > 0,x,y € R n . Let g : R ra -> R + be 

a Borel measurable function. If there exists a constant To > 0, such that 

T mm(T ,3l) 

Jo Jn,n g(y)K s (x,y)dyds < 00, then by LemmaE31 J 1 Bg(^ s (x))ds < 

00. 
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Prom now on we assume the estimate for the Markov kernel in Lemma 
12,41 are considered in time interval < s ^ T for some fixed T 



Lemma 2.5. Let g : R n — >■ R be a Borel measurable function. Assume 
Assumption \l.l\ and that there exist Tq > 0, and p ^ 1, such that 

sup / ° / \g(y)\ p K s (x,y)dyds < oo (2.10) 
xesJo Jr™ 

for any bounded set S in R n . Set T\ = min(T, where C\ is the constant 
in the transition kernel, c.f. (2.1), on the time interval (0, T\. Then for 
g e = i] e * g and any bounded set S in R n , 

sup sup / B\g £ (^ s {x))\ p ds < oo (2.11) 
£<eo x£S Jo 

where Eq is the constant in Lemma \2.2\ 

Proof. Recall the transition kernel estimates we use before, 

„ \x-y\ 2 

p e s (x,y)^C lS -2e Vs G (0,T),e G (0,e„)- 

In the remaining part of the proof, the constants C which appear in the com- 
putation may change from line to line and depend only on K, a, M, 6, 5, n, T, p. 
Define K s (x) = K s (x,0), s > 0, x G R n . For T G (0,f] and e G (0,e ), we 
derive the following estimate: 

ngM&Wds ^ C [ ClT [ \g £ (y)\ p K s (x,y)dyds 
Jo Jn n 

fCiT 



<C I 1 I r }e *\g\ p {y)K s {x-y)dyds 
JO JR™ 

= C (r)s * \g\ p ) * K s (x)ds 
Jo 

= c (j Q 1 \g\ p *K s ds) *rk(x) 



The last step is due to the property that f * h = h * f for locally integrable 
functions and Fubini's Theorem. Since we assume that \g\ p * K s ds is 
locally bounded in R n for any bounded set S in R n , when C\T ^ To, i.e. 
T ^ T\ := min(T, ^-), the following holds: 

sup sup f E\g e (£ e s (x))\ p ds < oo. (2.12) 

e<eo xeS JO 

□ 
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Lemma 2.6. Let g : R n — > R be a Borel measurable function. Suppose 
Assumption \1.1\ holds and that there exist Tq > 0, 5 € (0, 1) and p^l such 
that ^ 

sup I ° [ \g(y)\^ 1+5 ^K s (x,y)dyds < oo (2.13) 

for any bounded set S in R" . If moroever, 

getftoQT) (2.14) 

where p(n) = max{p(l + 5), ^ ^ }. Let Ti = min(T, ^-) (constant C\ is 
the same as that in Lemma \2.5\) , then for g £ = r/ e * g and any bounded set 
S in R n 

limsup / 1 E\g £ (£(x)) - g(Ux))\ P ds = 0. (2.15) 



Proof. In the remaining part of the proof, the constants C which appear in 
the computation may change from line to line and depend only on K, a, M, 9, 
5, n, T,p. They do not depend on e and R, which is essential for taking e to 
and R to infinity. 

The required uniform convergence requires an uniform estimate. Since 
W 1,p spaces are not included in W 1 ' 00 , we must sacrifice some integrability 
for this uniform estimate. Fixed T ^ Ti, let 

T E\g e (e s (x)) - g(U*Wds 

C [ T E\g e (e s (x))-g(e s (xWds + C [ T E\g(e s (x))-g(UxWds 
Jo Jo 
:=/ 1 £ (x,T)+/|(x,T) 

Note that 



I £ i(x,T) < C [ T E[\f(e s (x))-g(e s (xWl m{x)im }ds 
Jo 

+C [ E[|«f (£(*)) - g(e s (xWl {mx)l>R} ]ds 
Jo 







I e 11 (x,T,R)+If 2 (x,T,R). 
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For each — + — = 1, by Markov kernel estimate and Holder inequality 
Ili(x,T,R) 

< C / 1 CsS([ e-^^^if \g £ -g\ pqi (y)dy)^ds 

JO iR» J\v\^R 



*\y\<R 

i 



< C [ ClT s * (1 f / \g E -g\™(y)dy) " ds 
When n > 1, we take = i n above inequality. Then 

f ClT 1 , f pn(l+S) , 2 

I £ ll (x,T,R)^C s -t+s( \ge-g\~^{y)dy)^+ s )ds 

JO J\y\^R 

(2.16) 



n(l + <5) 



For n = 1 the corresponding estimate is 

/ 1 £ 1 (x,T, J R)<C( / |^-ff| p(1+,5) (y)^)^ 

Under condition (|2.14|) . by Lemma 12.11 for each fixed R > 0, we have 

lim sup If x (a;, T,i?) = 0. (2.17) 

For the term involving large |£f (x)|, Holder inequality gives 

2 a 

Il 2 (x,T,R) ^c(j\\gt(eAx))-g(C(x))\ p{1+S/2) ds^ * + ° (J ^Ml Y +S 

The first factor on the right hand side is bounded uniformly in S, since 
by (gJHD and Lemma [231 

sup / E\g(( s (x))\^ l+S ^ds + sup sup / n\g(£ £ s (x))\ p( - 1+5/2) ds < oo. 

xGS Jo e<eoxesJo 

(2.18) 

To estimate the second factor note that the vector fields Ai, and Af are 
bounded uniformly in e for sufficiently small e and so by standard estimates 
for bounded set S in R n , and T £ (0, Ti], 

supsupE sup |£f(x)| 2 + supE sup \£ s (x)\ 2 <oo. (2.19) 

e<e x£S O^s^T xeS O^s^T 
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Hence there exists a constant C(K, a, M,6,ti,Tq,T, S), not depending 
on R or e, such that, 

C 

sup sup I{ 2 (x, T, R) < — 
Finally we obtain, for each R > 0, e < £o, 

C 

suplf (x,Ti) ^ supii 1 (x,Ti, J?)+sup Jf 2 (x,Ti,i?) < suplf^x, Ti, R)-\ — . 

x&S xeS x<ES xGS R 2 + s 

First let e tend to 0, taking into account of (|2.17p , then R tend to oo, we 

see 

limsuplf (x, T{) = 0. 

xes 

Next we observe that locally integrable functions are uniformly contin- 
uous on sufficiently large sets. By Egoroff theorem for finite measures if f n 
converges almost surely, for any £ > it converges uniformly outside of a 
set of measure £. So for any g G L; oc (R n ), there is a function g, such that 
g = g almost everywhere with Lebesgue measure in R n , and for positive 
numbers R and £, there exists a open set U (R, C) with the property that 
X(U(R,C)) < C an d g is uniformly continuous on Br/U. So for any r > 0, 
there exists a $ = $(-R, Cj r ) be such that 

\g(xi) - g{x 2 )\ <r, Vxj G \ U {R, (), \x x - x 2 \ < &(R, C, r). 

Note that by Lemma 12,41 given the function g = g almost everywhere 
with Lebesgue measure, we have g(£ s (x,u)) = g(^ s (x,uj)) and g(^(x,u)) = 
g(£,s(x,uj)) almost surely in the probability space for each fixed s > and 
< e < e . Then for each < s < T±, let 

Oi(s) = {u: \%(x,u>)-Z a fau)\<0(R>M\}> 

2 (s) = { W :U^)e^\W()}n{w:g(^)e^\l/(fi,()}. 

For each < T ^ T\, we obtain, 

lf(x,T) = C f T B\g(e s (x)) -g(Ux))\ p ds 
Jo 

<c/ E[|^(x))-<7(6(^))| P l {0l ( S )no 2(s )}H]^ 

JO 

+ C / E[|5(e s £ (x))-3(6(x))|n {0l(s)n02(s)}c (o;)]d S 
■/ o 

< C^ + c(^ T E[|^(x))|^ 1+5 / 2 ) + |5(6(^))| p{1+5/2) ]^)^( j ( T P(Oi( S ) U0 2 c ( S ))rf S ) 



13 



By the estimate (pJ8|) . 



sup i£(z, T) ^CrP + C sup ( / T (P ([£(*) - £,(x)| > #(R, C, r)) 

+ P(|e s £ (x)| > R)+P(\C(x)\ > R)+P(e s (x) G U(R,Q) + P(Ux) e U(R,()))d. 

^ nP ^ n / Esu Po ^ T |^(x)-g s (x)l 2 E[sup ^ T (|gf(x)| 2 + |g s (x)| 2 )] 

< CV P + Csup + -2 

xeS V ${RX,ry R 2 

+ (P (C(x) G C/(i2, 0) + P (&(z) G C/(i?, 0) )<&) ^ 

Then by Lemma |2, 31 and estimate (|2.19p . let e tend to 0, we have, 

Em sup if (a;, T) < Cr p 
xes 

rp g 

+ C (~h + I su P( p (C(^)ef/( J R,C))+P(6(x)G U{R,Q))ds)~ s 

(2.20) 

The last two items can be estimated using the Markov kernel upper 
bounds and Holder inequality as below, 

f su Pa , eS P(£ s e 0r) G 17(12,0) < Cs-v(\(U(R,Q))» < CC*«~* 
\ su PxeS P(6(x) G 17(1*, 0) ^ CC^s-l 

Put the above estimate into (|2.20p . we derive 

1 s 

Hm sup if Or, Ti) < Cr* + (-^ + C") 2+ * 

Since i?, £ and r are arbitrary, then let £, r tend to and i? tend to oo, 
then we get lim e _>.o su Pxg5 7f (x, ^i) = an d by now we have completed the 
proof. □ 



Remark 2.1. Let n > 1 and g : R n — > R be a function such that g G 
L[ o ( c n) (R n ), as (gZHD and the following, for some R > and c> 0, 

\g(x)\ <e c N 2 , N^iio. (2.21) 
Then condition ([2TT5j) holds for T < ^. In fact 

sup ^ / | 5 (y)|^ 1+5 / 2 )K s (x,y)^ S 

xeSJO J\y\^R 

f T 2+5 f pnXMJ) . 2+S 

s 2 + M ( / \g\ 2 (y)dy) nl - 1+s ) ds < oo 

70 7|y|^R 
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and, by a change of variable, 

\ g (y)\P^m Ks (x,y) dyds 



sup 

x&SJo J\y\^Ro 



T 

n 

^ sup / S 2 

x£S JO 



|2 \&— y\ 

3 c ls/l e 2^ dyds 



R" 



^ C sup 

x£SJ0 JH n 



e 2 C ( % P + |.P) e -^^ s 



< CTsupe 2 ^! 2 / e 2cT ^ 2 e"^dy < oo. 



R" 



Lemma 2.7. Let G(x) := EZo\ DA i(x)\ and G £ (x) := YT=o \ DA t( 
Assume Assumption li.il and that there exist positive constants a and Tq, 
such that for any bounded set S in R n , 

"T 



sup f ° [ e aG(y) K s {x,y)dyds < oo. (2.22) 

x£S JO 7R' 1 



Then for each q > 0, 



sup sup E 

£<£0 x£S 



? 2 Jo 2 GHHI(x))ds 



< OO 



/or T2 := min(Ti, where T\ = min(T, ^P-) /or Ci given &y ^ 
Proof. By Jesen's inequality, 



supE 



< ^supE 

-i xGS l Jo 



< - sup E 



3 6T 9 2 G e KI(x)) & 



(^*e 6T " G )(^(x))cl 



the function e^ 6 * satisfies (|27TU|) with power parameter p = 1, when T ^ 
jpr, then by Lemma 12.51 for T2 := min(Ti, g^), 



sup sup E 

£<£0 XSS 



r 2 



(%*e 6T " G )(£(x))<fc 



^ sup sup E 

£<£0 XGS 



which implies the conclusion of the lemma. 



(%*e CTG )(^(x))d S 
□ 



< 00. 



Remark 2.2. In fact, in integrable condition (|2.22p . if we replace the func- 
tion e aG ( y } by F(G(y)), where F : R + — > R + is a convex non-negative 
function, then a corresponding uniformly integrability conclusion holds for 
F(G). 
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2.2 Convergence of derivative flows 

Next we consider the convergence of the derivative flows. Since each Af 
is smooth and globally Lipschitz continuous, for each e there is a smooth 
global solution flow (${x,u) to SDE (|2T3]) . For x € R n , let 

Vf(x) = D x % 

be the space derivative of £f . Then Vf satisfies the following SDE 

m rt rt 

Vf(x)=I + J2 DAf(g(x))(V s %x))dW l s + DA^ s (x))(Vf(x))ds. 
l=1 Jo Jo 

(2.23) 

We prove the following uniform moment estimate for Vf. 



Lemma 2.8. We assume the same condition as that in Lemma \277\ . Then 
for each p > 0, there is a constant T3 := min(Ti, ^1), such that for all 
^ T ^ T3 and bounded subset S o/R n , 



sup sup E 

£<£0 x£S 



sup \Vf(x)\ p < 00. (2.24) 



Proof. For simplicity we omit the starting point x in Vf (x) . For SDE fj2.3 j) , 
with smooth coefficients, it holds that for all p > 1, see the analysis in [15] . 



where 



\Vf\P = e M * 3 - +a *' (2.25) 



1 ~h v k Wi? dWs,at ~2j \v<\* 



1=1 

and 



H;(v, v) = 2(DAUv),v) + £ \DAf(v)\ 2 + (p - 2) £ * ■ (2.26) 



z=i z=i 



This follows from an ltd formula applied to the function | — \ p and to the 
stochastic process Vf. See Elworthy's book [2] for a nice ltd formula. 
Let G e (x) = YT=o \ DA£ i(x)\ 2 - Note that 

H £ p (x)(v,v) < (p + 3)G e (x) + C. 
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By Lemma 12.71 for T3 := min(Ti, ^ 



sup sup E 

e<eo x£S 



e 6 P 2 Jo 3 G^l(x))ds 



< OO 



According to the proof of Theorem 5.1 in [15j, for any bounded set S in R n , 



sup sup E 



sup \V s e (x)\ p ^CsupsupE 



Jp 2 fo 3 G(H(x))ds 



e<e xeS L 0^s^T 3 J e<e x€S 

Here C is a constant only depending on n and p, not on e. 



< 00 



□ 



Remark 2.3. The condition (12.22H used in the Lemma is a little stronger 
than it is needed for the uniformly moment estimate for Vg(x). In fact, let 
Fi(x) := sup lvl=1 {DA e {v),v)(x) and F 2 {x) := XXi \ D Mx)\ 2 , we have for 
any e > 0, 

sup (DA £ (x)(v), v) = sup ( / r] e (x - y)DA (y)(v)dy, v) 
\v\=l \v\=l JR" 



«S / rj e (x-y) sup (DA (y)(v)dy,v) ^ % * Fi(x) 
Jn n \v\=i 

So by Jensen's inequality, from (I2.26D we see, 

sup H £ (v,v) r) e * (Fx (2;) + F 2 (x)) 

\v\=l 

So by (|2.25p . Holder inequality and Jesen's inequality, if the following con- 
dition holds, 

sup/ /" e aFl{y) K s (x,y)dyds < 00, * = 1, 2 (2.27) 
x&s Jo Jn n 

we obtain the uniformly moment estimate for Vf(x) at some small time 
interval. 

Note that in condition ()2.27p . we only need the one-side bound of DAq, 
which is weaker than the two-side bound condition (12.221) . 

Theorem 2.9. Suppose the Assumption ll.il and condition \2. 22\) holds, 
Then for each p > , there is a constant T4, such that for any bounded set 
S in R n and < T ^ T 4 



lim supE sup \V s e (x) - V s %x)\ p = 0. 

e,e^0 x€S 0<s^T 



(2.28) 
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Proof. We only need to consider the case of p ^ 2. For simplicity, we 
use /3f(s), fif(s) to denote DAf(^(x)) and DAf(^(x)), and the constants 
C may appears in the computation from line to line and depend only on 
K,a,M,6,6,n,T,p,a. Let T\ be the constant T3 in Lemma 12.81 for the 
power parameter 2p. By SDE (|1.2|) . for any T < T\, we have, 



E sup \V s £ (x) -V s £ (x 

0<s^T 



1=1 



sup 



+ C(E sup 



P N 2 
p 



/3f(n)(K e (x))-/3f(n)(^(x))^ 

/3o e («)(K £ (^))-/3o"(«)(K'(^))^ 
^C]T(e / |/3f( s )(y/(x))-/3f( S )(y/»)| 2 d s 



p 2 



£v 2 
2 \ p 



Z=0 " u 

where the second step of above inequality is due to BKG inequality and 
Holder inequality, the third step is due to the inequality ^E| \f s \ds\ p j P ^ 

J Q [E\f s \ p )pds for measurable function f(s,oo) when p ^ 1. Now splitting 
up the terms, 



E sup \V 8 e (x)-V a e (x) 

O^s^T 



/ {m(s)(V!(x))-(3f(s)(v!(xW) p d s 
1=0 Jo 

+ cjr[ T (m(a)(Vf{x)) - P!(s)(V £ (x))\ p ) l ds 



^CN 2 [ T (E sup \VZ(x)-Vfo)r)*ds 

JO V O^MSgS 7 



+ C sup ( E 

e<e 



+ C sup ( E 

£<£0 



i\ 1 / m r 1 if 1 

sup i^i 2p r(E(/ m(s)\ 4p ds)^{ / p(iA £ ( s )i>iv)d S ) 

sup |K £ H) F (E(/ E|^( a )-^( fl )|*d»)5 



(2.29) 
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The last step is due to Holder's inequality. Note that by condition (|2.22p . we 
can find a constant L > (depends on M, 9, n, T, a), such that the function 
g = e L \ DA i\ satisfies the condition (|2.10p with power parameter p = 1. And 
then |.Dj4/| satisfies the conditions (|2.14p and (|2. 13[) for any power p 1, 
so by Lemma 12.51 and Lemma 12.61 there are constants T 2 depending on 
K, a, M, 9, n, T, To, a, such that for any bounded set S, 

sup sup / Ee L|/3 i e(s)|2 (is ^ sup sup / E rj £ * e L|Dj4 ' |2 (^(x)) ds < 00 

e<eo xeS JO £<£0 x£S Jo *~ 

sup sup f 2 E|/3f (s)\ Ap ds < 00 (2.30) 

e<eo xeS Jo 

lim sup f 2 E|/3f (5) - /3f (s)| 2p ds = (2.31) 
Then by the Chebeshev inequality, for each e < Eq, 

l rm(s)\>N)d S ^j o -^j^ds^-^ (2.32) 
So put (|2J3D, ([2~32]) and (f2~30l) into (12391) . when T < min(fi,f 2 ) we derive, 
E sup |y/(x)-y/(x)| P )^CiV 2 / T (E sup -Kf(^)r) 1 ^ 



1=0 j ° 



By Gronwall lemma, let a £ ^(T,x) := £™ ( J Q T E|/3f (s) - /3f {s)\ 2p ds) p , 
we have for any T < min(Ti,T2), 



(E sup \V s %x)-V s %x)\ 



2 



e LiV2/2 P " v ' y 7 V e iAr2 /2p 



< a^(T, x) + e CN2T J (jSrfc + ^(s, xj) ds 

Since by (|2.3ip . lim E ^o sup x( z S a £ ' e (T, x) = 0, first let e tend to 0, then ./V 
tend to infinity in above inequality, so we can find a constant T4 > 0(take 
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CT 4 < Tj^ in above inequality), such that for any T ^ T4, 
lim supE sup \V s £ (x)-V s s (x)\ p = 

□ 

By Theorem 1 2, 9 1 we know Vf is a Cauchy sequence in the space L P (P), 
so there is a limit process, in fact we have the following. 

Theorem 2.10. Suppose Assumption \l . 1\ and condition \2.22\i hold, then 
there exists a process Vt(x), ^ t < 00, such that for each p > 0, there is a 
T4 > as in Lemma \2. 7\ 

lim sup E sup I Vg (a?) - V s {x)\ p = 

hols for any bounded set S in R n . Furthermore, the process Vt(x) is the 
unique strong solution of SDE M.2\) for all t. 

Proof. We write £° ■= an d V® := Vt- By Lemma 12.61 and Theorem 12.91 
it is shown that the limit process Vt(x) is the solution of SDE f| 1 . 2 1) in some 
time interval ^ t ^ T4. This gives the moment estimate in Lemma 12.81 
for the case that e = on [0, T4]. In fact a direct computation as that in 
Lemma [2TH1 gives the bound for any strong solution of SDE (jl.2p on [0, T4]. 
The key observation is that equation (|2.25p holds for any strong solution 
of SDE (jl.2p . without further assumptions on the regularity on the vector 
fields. Hence if Vt and Vt are two solutions of SDE (II. 2D . the same method 
used for the proof of Theorem 12.91 gives 

supE sup \V s (x) - V s (x)\ p = 

and Vt(x) is the unique strong solution of SDE (II. 2|) in the time interval 
[0,T 4 ]. 

If we view SDE (II. ip and (11 .2f) together as a system with solution 
(Zt(x),V t (x)) valued in R n x R" xn . Let F t (x,v ,u) := (Ct(x),(V t (x),Vo)vo) 
which is the solution of that system with initial point (x,vq). When T 4 < 
t < 2T 4 , let 

F t (x,v ,uj) := F t ^ T4 (^ f (x),V T4 {x),e T4 (uj)). 

Here 9f (u)t = uj t +T 4 — <^T 4 is the shift operator. By the Markov property 
and the pathwise uniqueness at time interval ^ t ^ T4 for any initial point 
(x, vq) G R n x R nxn , one may check that Vt(x) is the solution for SDE (|1.2p 
when ^5 t ^ 2T4. Taking this procedure repeatedly, we obtain a unique 
solution to SDE (ll.2p for any time t. □ 
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Remark 2.4. In particular, by Lemma 12.41 if we take different versions 
of weak derivative DAi in SDE (|1.2p . the corresponding solutions V s are 
indistinguishable. 

Remark 2.5. In Theorem 12.101 Vt(x) is shown to belong to G L P (P) when 
^ t ^ T4. But this may fail when t > T4. 

3 The case of locally Lipschitz continuous coeffi- 



In a special case that ^4/, ^ I ^ m are bounded, global Lipschitz continuous 
and uniformly elliptic in R n , the condition ()2.22|) are satisfied for every 
To > 0, a > 0. And for each T > 0, there exists a unique strong solution of 
SDE (|1.2p since DAi is bounded. Step by step checking the proof of Lemma 
12.61 and Thereom 12.91 to determine the time interval, we can obtain, 

Theorem 3.1. Assume that the coefficients of the SDE are bounded, 

Lipschitz continuous and uniformly elliptic. For each T > 0, p > and 
bounded subset S in R n , we have 



We extend the approximation results to the elliptic SDE with locally 
Lipschitz continuous coefficients, in which case A\ is still weak differentiable 
and has a locally bounded version of the derivative. So SDE (|1.2j) is complete 
if SDE (jl.ip is complete, i.e. non-explode for each fixed starting point. 

Denote by (p,$), p > 0, G S n_1 the polar coordinate in R n . For any 
measurable function / on R n and integer N > 0, define a function f N as, 



and f N (0) = f(0). Suppose that SDE (jl.ip is complete and coefficients A\ 
are locally Lipschitz continuous and elliptic . Set Af (x) = (Af[(x), ..,Af n (x)) 
then Ai, 1 ^ I ^ m are bounded, Lipschitz continuous and uniformly ellip- 
tic. Let €f(x), V t N {x) be respectively the solutions to SDE flTTJ and (fOj) 
whose coefficients are Af and DAf. Let A^ e be the smooth approxima- 
tion of the vector fields derived by convolution, as in Section [2j We 
denote the corresponding solution of approximation SDE (|2.3p and (|2.23p 



cients 





(3.1) 



by £ t ' £ (x) and V t ' 6 {x). 
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Lemma 3.2. Suppose the coefficients A\ of SDE U.l\) are locally Lipschitz 
continuous, and of linear growth, then for any p > 0, T > and bounded set 
S in TL n , 

limsupE sup |£(x) -60)| p = 0, (3.2) 

Proof. Let T^(x), Tn(x) be the first exist time of the ball Bn for the process 

£s( x )t £.s(x) respectively. Since £s' E {%) = £,s( x ) a - s - f° r s < T^(x), anc ^ 
ff (x) = Cs( x ) a.s for s < Tn(x), we have, 



E sup 



\g*(x)-s(z)r+\g(x)-t.(x)F 



sup sup f /E sup \^' £ (x)\ 2 P\/P(T > T^(x)) 

0<e<e ,N>0x£S V V O^ssJT v 



+ /e sup ie(^)l 2 VP(r>r^(x))) (3 - 3) 

su Pa;e5 (Esupo <a<T |^' £ (^)| 2p + \e s (x)\ 2p ) 
^ SUP MP 

This convergence to as N — > oo from the uniform estimates below: 

sup sup (E sup \& £ {x)\ p + \£(x)\A < oo. (3.4) 

The uniform estimate holds for any p ^ 1 and follows from the common 
linear bounded on Af. Since Af is bounded and global Lipschitz continuous 
for each iV > 0, a Grownwall type argument shows that 

lim supE sup |ff ' e {x) - ^{x)\ p = (3.5) 



By (|3.3p , (|3.5p and (|3.4p , we conclude the proof by taking s — > followed 
by N — > oo in the following inequality: 

E sup \e s (x)-U x )\ P ^CE sup (\^(x)-e s (x)\ p + \^(x)-U x )\ P ) 
+ C E sup \^(x)-^(x)\p. 

(3.6) 
□ 
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Remark 3.1. If we assume coefficients Ai of SDE (jl.ip are locally Lips- 
chitz continuous, elliptic and of linear growth. Since the coefficients 
are bounded Lipschitz continuous and uniform elliptic for each N > 0, the 
distribution of ^ (x) is absolutely continuous with respect to the Lebesgue 
measure in R n for each fixed s > and x € R n . Note that we have 
proved (j3.2|) . by the same approximation methods we adopted in the proof 
of Lemma 12.41 we can prove the distribution of £ s (x) is absolutely contin- 
uous with respect to the Lebesgue measure in R n for each fixed s > and 
x € R n . In particular that if we take different versions of DA\ in SDE (|1.2p . 
the solution V s are indistinguishable. 

As the same argument in the proof Lemma [3721 above, especially triangle 
inequality (|3.6p and the results of Theorem l3-H we present below an approx- 
imation lemma for V s in more general case and the remaining of the section 
devotes to the validity of the assumption there. 

Lemma 3.3. Let S C R n be a bounded set and T > 0. If 



The following theorem, from Theorem 5.1 and observations from section 
6 in [15], are valid for strong solutions Vt of SDE's (jl.ip and (|1.2p . which 
are not necessarily elliptic or with smooth coefficients. 

Theorem 3.4. (1) Suppose that there is a point xq such that the solution 
£,t( x o) exists for all time and 



lim sup supE sup 

N ^°°0<e<e x£S (KtsST 




(3.7) 



for all p, then 




in 



sup(DA (v),v)(x) < f{x)\v 



v\=l 



J2\DA l \ 2 (x)^f(x) 



i=i 



for some function f : R n — > R. Then 




and the SDE is strongly complete. 
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• If g : R n — > R is a function such that g G C 2 (R n ) 

- £ |^(^)| 2 + - £ Z> 2 (/(4, 4) + 2><7(4>) < # (3.8) 
z=i z=i 

/or some constant K , then for all a and stopping times r, 

Eexp(ag^ tAT )(x))^e^ +kt 

for some k depending on K and the SDE is complete if g has compact 
level sets. 

The theorems and analysis we cited above from |15j are for the SDEs 
with smooth coefficients. Our key observation is that when the coefficients 
are not smooth, (|2.25p ) still holds for a strong solution. The same argument 
and technicalities applies and we obtain the conclusion above. 

The application of the theorem reduces to a well chosen function /, g for 
a particular SDE. 

Assumption 3.1. Let Ai : R™ — > R n , I = 0, 1, . . . , m, be locally Lipschitz 
continuous. Let ipi : R — >■ R, i = 1, 2 be positive non-decreasing functions 
and and let gi{x) := ^(M)- Suppose that g\ is C 2 and the following holds: 

(1) £I=i \DA\ 2 (x) ^ 9l (x), sup M=1 (DA (x)(v),v) ^ 9l (x)\v\ 2 

(2) YZo\M(x)^92(x)^C 2 (l + \x\), 
(3) 

m 1 m 

- \D 91 (A)\ 2 + D^MuA) + D 9l (A ) < C 3 
i=i i=i 

Here C2 and C3 are some constants. 

Condition (3) in Assumption l3.1l is satisfied if ip\ £ C 2 (R) and (s)(ip2{s)) 2 
and tpi(s)ip2(s) are bounded. It follows from the comments made earlier that 
Ee^i^M) i s finite for each a > 0. 

Remark 3.2. Assumption 13.11 holds under one of the following conditions: 

(a) Y^iLi is bounded. 

(b) ET=i \DMx)\ 2 ^ C(l + ln(l + |x| 2 )), YZo \M*)\ < C(l + |x|), 
(x,A (x)) ^ C(l + |x| 2 ), (DA Q (x)(v),v) ^ C(l + ln(l + |x| 2 )) \v\ 2 . 
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(c) For some 5^0, the following holds, 

YT=i < C(l + \x\ 2 )^ s and Y7=i \DMx)\ 2 ^ C{l + \x\ 2 ) 5 and 

(x,A (x)) < C(l + M 2 ) 1 " 5 , (£>Ao(x)(u),i;) < C(l + \x\ 2 ) s \v\ 2 . 

For part a) take g\ to be a constant and 52 a linear function . For (b) let 
V>i(s) = ln(l + s 2 ) and ip 2 (s) = 1 + s. For (c) Let ip 2 (s) = C(l + s 2 )5" 5 and 
ii(a) = C(l + s 2 ) 5 . See Corollary 6.2 and 6.3 in US]. 

Proposition 3.5. Suppose that span{Ai(x), . . . ,A m (x)} = R n for each x 
so ll.ip is elliptic. If in addition that {Aq, A±, . . . , A m } satisfies Assumption 
\3.1l condition {3. 7\ ) in Lemma \3~3\ holds. In particular, for each T > 0,p > 
and bounded set S in R n , 

limsupE sup \V s £ (x) - V s (x)\ p = 0. 

Proof. Here in the proof the constants C may change in different lines and 
only depend on p, S, T. By Lemma |27L| for all iV > and < e < Eq, 

\DAf(x)\ 2 + \DA?' e (x)\ 2 < 2^(|x| + l), \Af(x)\ + \A?> E (x)\ < + 

So there is a global solution to approximation SDEs with smooth coefficients 
Af and Af )£ for any starting point and it follows from the assumption that 
g(x) := -01 (|x| + 1) is C 2 and the functions 

m 1 m 

- J2 \{D~g){A\)\ 2 + - J2(D 2 g)(A!,Af) + (Dg)(A £ ) 
1=1 " 1=1 

\ £ \{D~g){A^)\ 2 + \ J2(D 2 g)(A?' £ , A^) + (Dg)(A»*) 
1=1 1=1 

are bounded above with the upper bound uniform in e € (0, £q) and in 
N > 0. From the calculations in Lemma 6.1 and Theorem 5.1 of [15] or see 
Theorem 13.41 before, for every p > 0, 

sup sup f E sup \V t N ' £ (x)\ p + \V t £ (x)A < C < 00 (3.9) 

0<e<eo,iV>Oa:&S \ O^tsJT / 

As we remark before, the same theory can apply to SDE (11.11) and (12.3|) 
with strong solution, we obtain, 

sup sup ( E sup \V t N (x)\ p + \V t (x)\ p J < C < 00 (3.10) 
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As before, let T/v(x), T^(x) be the first exit times from the ball Bn of 
and i e {x). For x S S, < e < £o and TV large so that S C 5jv, we 

have, 

e sup |yf- £ (x)-y/(x)|f 

0<t<T 



snp |^' e (x)r+ sup \V t %x)\Al {T>T e N{x)} 



<C[JE sup |^ £ (x)|Wp(T>T-(x)) + /E sup \V t B (x)\%>JP<T>Tf r (x)) 



< C(P(T > 7^(x))) 



1/2 



„ Csup 0<e<e0iAr>0 su Pa , g5 ^/Esup 0<s<T l^f' £ (^)l 2p < C 

(3.11) 

Here in the last step we use the estimation (|3.4p by linear growth condition 
of A h So by lf3TTT|) . we get, 

lim sup supE sup |T^ ,e (a?) - V r t £ (x)| p = 0. 

Analogously, using (|3.10p . we have the results for the quantities without e. 

□ 

In the proof of Theorem 3.1, ellipticity condition is only needed for the 
estimate of the item P(£ s (x) £ U(R, £)) and Lemma [2 . 2 1 holds automatically 
if Ai are C . The corresponding theorem for non-elliptic systems are given 
below. 

Proposition 3.6. Suppose the coefficients A\ of SDE are C 1 and 

satisfies Assumption \3.1[ Then 

lim sup E sup \V s £ (x) - V s (x)\ p = 
for each T > 0, p > and bounded subset S in R n . 



4 Regularity of the solution flow 

Theorem 4.5.1 in [19] states that for SDE fll.ip . with A\ global Lipschitz 
continuous, there is a solution flow £t(x,u) such that for almost surely all 
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u and every t > 0, G C°' 5 (R n )(0 < 5 < 1). See [El Q3H [26] for 

various generalisation. To our knowledge the following result on solution 
with Sobolev regularity is new. 

Theorem 4.1. Assume Assumption \l.l\ and condition \2.22\) hold. There 
is a global solution flow £t(x,Lj) for SDE M.l}) , i.e. a version such that 
for almost surely all uj, £.(-,cj) is continuous in [0,oo) x R n . Furthermore 
for each p > , there is a constant T^,(K,a, M,9,n,p,To,T,cr), such that 
G Wl£ (R n ) for each 0<t^T 5 . 

Proof. Prom the analysis in the proof of Theorem 4.1 in |15] for SDE (]2.3h 
with smooth coefficients, given a bounded set S in R n , we have for each 
x,y G S and T > Q,p ^ 1, 

E sup |£(x)-£(y)| p < |*-#su P E sup |F/(*)| P 

By Lemma 12.31 and Lemma I2.8[ let e tend to 0, there exists a T > which 
only depends on if, a, M, 9, n, T, Tq,p, a, such that, 

E sup |£(x)-£(y)| p ^C\x-yf 

and from that one note that 

B\£ t (x) - Uv)\ P ^ C{\x - y\v + \t - s\ P 2) 0^t,s,^f, x,y£S 

So in above estimate, we take p > n, then by the Kolmogorov's criterion, 
there is a version of the solution flow ft(x, w) for SDE (jl.ip . such that £.(•, w) 
is continuous in [0,T] x R n . As for t > T, note that by the uniqueness of 
the strong solution of SDE 11.11 under Assumption 11.11 it is satisfied that 

&(x,w) =£ t _f(£f(x,u),9f(u)) a.s. (4.1) 

where 9f{ui)t = ^ t+ f — Wf is the shift operator and hence the solution flow 
is continuous in [0, 2T] x R n and hence on [0, oo) x R n by repeating 
the procedure. 

By Lemma 12. 3( Theorem 12.101 and the diagonal principle there exist a 
constant T5 > 0, a subsequence with limfe-^ = and a set Ai with 
P(Ai) = 0, such that if u G Af , for all N > 0, 

lim / sup \V t £k (x,uj) -V t {x,u)\ p dx = (4.2) 
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and 

lim / sup \£ h (x,u) -£t(x,u)\ p dx = 0. (4.3) 

k ->°°J\x\^N (Ki^T 5 

Here Vt(x), t > is the solution of SDE (jl.2p we get in the Theorem 12.101 

Let {e r } be an o.n.b. ofR n . For simplicity write V t ~' r (x) = {V t £k (x),e r )nn 
and $(x) = i £ t k {x). For the SDE whose coefficients are smooth 

and with bounded derivatives, there is a smooth solution flow ^(-,oj) and 

^%r' aJ ' > = Vt'' r ( x > u} )' Therefore there exists a null set Afc, such that if 
to Afe, the following integration by parts formula holds for ^ t ^ T5 and 
any if G C °°(R"), 

/ %?-(x)$(x,«>)dx = - [ <p{x)Vf' r {x,u,)dx. (4.4) 

Let A := (UtLi ^fc) U Ai, a null set. Taking the limit k — > 00 in the above 
identity and using (|4.2H4.3|) to see when to G" A and ^ t ^ T 5 , 

/ ^-(x)€t(x,u)dx = - [ <p(x)V t r (x,uj)dx (4.5) 

7R™ C^r JR™ 

which means that £t(-,w) is weak differentiable in distribution sense for al- 
most surely all u and = V t r (;cj). Next we prove &(■,<•>) G W^(R n ) 
for each p > 0. For N > 0, 

E / sup |F/(x,a;)| p dcc= / E sup [^(z, to)\ p dx ^ C\{B N ) 

JB N 0^t<:T 5 JB N (Xt<T 5 

Hence f B sup ^ t< y \V t r (x,u)\ p dx is finite almost surely and so we can find 
a null set T±, such that J B sup ^ t <j T \ V[ (x,u)\ p dx < 00 for every N > 
when a; ^ T%. As the same way, we can prove the similar property for 
Ct(x,uj). Hence £, t (x,uj),V t r (x,uj) G Lf oc (R n ) for u G" F U A where T is a 
set with measure 0, which means almost surely G Wi '^(R") for each 

< t < T 5 . 

□ 

For SDE with locally Lipschitz continuous coefficients, we may get rid 
of the boundedness and the uniform ellipticity condition. 

Theorem 4.2. If Assumption I3.il holds and the coefficients are elliptic, 
there is a solution flow £t(x,to) to SDE M-l\) with the property that (t,x) 1— > 
£t(-,u;) is continuous for almost surely all to and £t(-,w) G W, J? (R n ) /or 
each t > 0,p > 0. 
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5 The differentiation formula 

The uniqueness of a strong solution of SDE (jl.ip leads to the Markov prop- 
erty of the solution £t (x) , see a proof in |21| that can be easily followed under 
Assumption ll.il For / G Bb(R n ) define Ptf(x) := E/(^(x)) so P t is the as- 
sociated Markov semigroup to (jl.ip . In this section a representation for dPt 
is given which leads to an integration by parts formula for the measure in- 
duced by the solution of the SDE (jl.ip . Let be the solution flow of SDE 
(fTT|) and V t (x) G L(R n ,R n ) the solution of (f2723]) constructed in Theorem 
I2TTU1 Let V t (x,v ) = {V t (x),v )-R- for v G R n and Y : R n -> L(R n ,R m ) 
the right inverse of map A : R n — > L(R m , R n ), where 

m 

A(x){a) :=^2<iiAi(x) for a = (a u a 2 , a m ) G R m . (5.1) 
«=i 

Theorem 5.1. Suppose the Assumption \l.l\ and condition \2. 22\) hold, then 
there is a constant TQ(K,a,M,6,n,TQ,T,a), such that 

dP t f(x)(v ) = 7E[/(£ t (a;)) f (Y(Ux))(V s (x,v )),dW s ) Rm ], v G R n 
1 Jo 

(5.2) 

/or any / in Bb(R. n ) and < t ^ Tq. If moreover f G C^(R n ), i/ien 
d(P t f)(x)(vo) = ~Edf(Vt(x,vo)), for all Vq G R n and such t. 

Proof Take / G C^R"). Since the coefficient of SDE ||23J| is smooth and 
with bounded derivatives, by the classical formula in [JJ, we have 

dEf(e t (x))(v )) = Edf(V t e (x,v )), v G R n (5.3) 

and 

dEf($(x))(v ) = jE[/(^(x)) /V(£^))(^/(^o)),^}H (5.4) 
r Jo 

where Y e : R n — > L(R n ,R m ) is the right inverse of map j4 £ : R n — >■ 
L(R m ,R n ). Since / G C£(R n ), by Lemma and Theorem OB there 
is a constant Tq > 0, such that for any bounded set S in R n , 

limsupE sup !/(£(*)) -/(6(a;))| 4 = (5.5) 

and 

limsupE sup \Vg(x, vo) — V s (x, vo)\ 4 = (5.6) 
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So by (|5.3p and (j5.5M5.6p we obtain that Ptf is differentiable if / € 
C£(R n ) and d{P t f)(x)(v ) = Bdf(V t (x, v )), v e R rt for each < t < T 6 . 

For the square matrix (A e )*A e (* here means the transpose of the matrix), 
related to A £ , with entries (afj), we have 

{{A £ )*A e )~ l -> (AM)" 1 

as the inverse map is smooth in the Lie group of n x n nonsingular ma- 
trices. Consequently F e = (A £ )* ((A £ )M e ) _1 -»■ F. In fact let 
be defined as above, then for any 77 = (771, 772, *7n) S R n i F e (x)(r/) = 
(CiC^^CK^-iCm^)) where CfO*0 = E^i^O^fjOc)^- Here 

= (A%x))-\ 

Since by Assumption II. 1\ for e small, afj have the same uniform elliptic 
constants and A\ are uniformly bounded with e, we obtain that &?• converges 
to 6jj uniformly in R n , and bfj are uniformly bounded with e. Also note 
that the bounded, uniformly continuity of A\ and the uniformly positive 
lower bounded of the determination of matrix A* A (defined as (|5. 1 [) ) in R n 
implies that bij is uniformly continuous in R n . So by Lemma 12.31 we can 
show that for any T > and bounded set S in R n , 

lim sup E sup Ibf^Kx)) - M&O*))! 4 = °- 



This together with the convergence (|5.6p leads to 

lim sup f B\Y £ (e s (x))(V s £ (x,v )) - Y(U^))(.Vs(.x,v ))\ 2 ds = 
for all t ^ Tq and 5 C R n bounded. Then by (|5.5p . we see that, 



lim sup 



E[/fe £ (x)) / (Y £ (e s (x))(V £ (x,v )),dW s )w 



(5.7) 



E[/(6(x)) / (Y(U*))(V s (x,v )),dW s ) 



0. 



which implies the differentiation formula (|5.4p holds for each / € C^(R n ) 
For / <E Bb(R n ). Let Jn be a sequence in C^(R n ) with 

lim / \f N (x)-f(x)\ 4 dx = 

N— ¥00 1 
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for all bounded set S in R n . By the heat kernel upper bound pt{x,y) ^ 

I x ~~ y I ^ 

c\t~ n l 2 e c 2* from Lemma 12.41 

Jim supE|/ A rfe(x))-/fe(x))| 4 = 

also holds for each < t ^ Tq and this completes the proof. 

□ 

Theorem 5.2. Suppose that Assumption \3. 1\ holds and 

n 

X "u^Cj > e ^ l(N ) l^l 2 - VxgR", e = (6,-^n)eR n (5.8) 

-ffere cr is some constant and ip\ : R + — > R + is i/ie function in Assumption 
EH1 i/ien /or any / € <Bft(R n ) and t > 0, 

dP t f(x)(v ) = -e[/(6(x)) /V(6(^))(^(^o)),aW s ) Rm ], «o e R n 

(5.9) 

Proof. In the proof the constants C amy change in different lines and do not 
depend on N. As the same approximation methods in the above Theorem 
and by Theorem I3.1| we can prove that if the coefficients of SDE (jl.ip are 
bounded, uniform elliptic and Lipschitz continuous, then the diffrentiation 
formula (JESJ holds for any / € <B fe (R n ) and t > 0. Let f N ,Af be the 
cut-off functions defined by f)3. 1 1) and that £^(x), V t N (x) the solution of 
corresponding SDE. So by the analysis above, P t N f(x) = E(/(^(x))) is 
differentiable with x, and for any / £ 23;,(R n ) and t > 0, 

dE/(^(a:))(«o) = 7E[/(£f (*)) /V^Cf (^))(^(x, „ )), dVT.)*™] 

(5.10) 

where Y N is a right inverse of A N . 

By the elliptic condition (|5.8p and the expression of K we use in the 
proof of Theorem 15.11 there are constants C > 0, k € N + , such that 
|y(z)| < CeTkW) (fodxD) , where Vi,« = 1,2 are the functions as that 
in Assumption 13.11 and the same estimate also holds for Y N . Let Tn(x) be 
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the first exit time of from the ball Bjy, then for each T > 0, p > 0, 



supE sup \Y N (e;(x))-Y(Ux))\ p 

x&S O^s^T 



< CsupE 



sup (exp{(apM\e(x)\)}))(M\e(x)\)) kPl T>T N ( x) 



< CsupE sup (e W {(2a P M\^^)\)} + {M\^^)\)) 2kP )lT>T N (x) 

x&S L 0^s^T v 7 



By the analysis in Section 3 (see also Theorem 5.1 in |15|). if Assumption 
13.11 holds, we have, 



sup sup E 

N xes 



sup f ex P {(2<xWi(ief (*)i)} + (Mief (x)\)) 2kp \ 



and 

sup xg gEsu Po<5<r |gf (x)| 2 C 
supP(T > T N (x)) < ^ < ^ 

By (pm|) and (j5TT2j) . it follows that 

lim supE sup \Y N (£? (x)) -Y(£ s (x))\ p = 



< OO 

(5.11) 
(5.12) 

(5.13) 



Also note that from the analysis of Section 3, if Assumption 13.11 holds, 
then, 

lim supE sup (|ef (x) - Ux)\ p + \V s N (x) - V a (x)\') = (5.14) 

By (I5T3]1 and (|5T4jl . (ESJ) holds for each / € C£(R n ). For / € <8 6 (R n ), 
take an approximating sequence f £ £ C^(R n ), such that for any bounded 
set S in R n , 



lim / \f £ (x)-f(x)\Pdx = 

and H/eIIl 00 ^ H/Hl 00 - Note that ^(x) is the solution of a SDE with 
unformly elliptic, global Lipschitz continuous and bounded coefficients, so 
by the Markov kernel estimate, we have for each fixed N and t > 0, 



IimsupE|/ e (^(x))-/(^(x))|f = 

e ^°x&S 



(5.15) 
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And then 

supE|/ e &(x)) - f(tt(x))\ P < C[supE|/ e (ff (*)) - fe(Zt(x))\ P 
xeS xes 

+ su P E|/(^(x)) - fUx))\ p + supE|/ e (ff (*)) - /(ef (x))|f] 
< C[||/|[i/» supP(T > T N (x)) + su P E|/ £ (^(x)) - /(ff (*))!*] 

k€5 a;G5 

By ()5. 12[) and (|5.15p . in above inequality first let e — > 0, then iV — > oo, we 
obtain, 

limsupE|/ e (&(z)) - /(&(z))r = (5.16) 

£ -+°x€S 

The proof is complete. □ 
5.1 Integration by parts formula 

Let H = L Q ' (R m ) be the space of real valued function from [0, T] to R m , 
starting from and with finite energy, which is also equipped with the usual 
Hilbert space structure. Let (Q, J 7 , P) be the standard Wiener space and d 
the unbounded closed linear operator L p (0,R) — > L p (0, L(H, R)), p > 1 
which agrees with the standard differentiation on BC 1 functions (see [6] 
and reference in that). Let S) 1,p be the domain of d, which is the closure 
of smooth cylindrical functions under the graph norm, and by tradiiton we 
denote the extension by T. 

Let C x {[0,T];H n ) := { 7 : 7 € C([0, T), R"), 7(0) = x) and 

X:Q^C x (R n ) T(u>) t :=Zt(x,w) 

be the Ito map, where £t(cc, oS) is the solution of SDE (jl.ip . It is standard 
result that Tt : £1 —> R n belong to the space of D l,p for all p > 1 and t if the 
coefficients of SDE (jl.ip are Lipschitz continuous (see [20]). Furthermore, 
if the coefficients are smooth and with bounded derivatives, then by the 
results of Bismut, 

Tul:H^T Uxilj) C x ([0,T};-R n ) 

the H derivative for the Ito map I in the sense of Malliavin calculus exists 
in LP for each p > 1, and for v t {oj) := TJIt{h), 

v t (u) = V t (x) f* V a -Hx)(A(£ a (x))(h.))d8. O^t^T, heH 
J 
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where Vt(x) € fj, nxn [ s th e derivative process satisfying fjl .2[) . V t ~ is its 
inverse and A is denned as (|5,ip . And by [20], ut(o;) := T u Xt{h) also satisfies 
the following SDE 




(5.17) 

Define V h {£.)t ■= (V t {x),h t ) R n and 

SV t \£):= f (Y(UxW h (Ux))s,dW s ) R ™ (5.18) 
J o 

where /i means the derivative of with time and Y is the right inverse of 
A defined in (|5.ip . By the approximation theorem we derive the following 
result. 

Theorem 5.3. Suppose the A ssumption li.il holds and there exist a > and 
To > 0, the condition \2. 22\) is satisfied, then there is a constant T$ > 0, 
such that for any ^ T ^ Tg, we consider the path space C x ([0, T]; R n ), 
given ah: [0,T] x -> R n , an adapted stochastic process with h(u>) € 
Lo >:L ([0,r 8 ];R m ) a.s. and E( fj" 8 l/i^fis) 1 ^ < oo for some > 0, 

EdF(V rfc (0)=EF(e(x))^(e) 

where F is the BC l function on path space C x ([0, T]; R n ). 

Proof. When the coefficients of SDE (jl.ip are smooth, it was shown in [5] 
that the differentiation formula for P±f leads to an integration by parts for- 
mula. The theorem there was given for compact manifolds. However this 
results and its proof remain valid for non-comapct manifold if the differenti- 
ation formula for Ptf holds as the proof only involves the Markov property. 
Since the coefficients of the approximate SDE (|2.3p are smooth, uniformly 
elliptic and with bounded derivatives, 

EdF(V h ^(x))) = EF(e(i))i^ s (0, 
for any T > where V h ' e (£ e (x)) = (V t e (x), ht)ji n an d 

5v£> E (£) = / T (y e (e s e (^))^ £ (e(x)) s ,^) Rm . 

J 

Now by Theorem 12.101 and the analysis before for the convergence Y £ , the 
proof in completed. □ 
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Remark 5.1. As the same cut-off methods in Section [3l suppose Assump- 
tion [3J] holds, we can also prove the same results in Section 4 for any time 
interval [0,T],T > 

6 Appendix: The Geometry of Regular izat ion 

Let £ be a smooth elliptic second order differential operator without zero 
order term with a = (a>ij) the matrix representation of its second order 
part. The non-singular symmetric matrix a has a square root which can be 
chosen to be locally Lipschitz continuous, see Stroock-Varadhan [22] and the 
book of Ikead-watanabe[T3] . Hence C has a Hormander form representation 
C = ^La^Ai + Lz where Ai,Z are vector fields. This representation is 
far from being unique. Each representation produces a stochastic flow and 
corresponding geometry. We investigate the geometry and the properties 
of the stochastic flows for the decomposition involving non-global Lipschitz 
continuous vector fields. 

Give M = R n and the Riemannian metric (ajj) -1 induced by the fam- 
ily of vector fields (A\, . . . , A m ). We consider R n as a trivial manifold 
with a non-trivial Riemannian structure. Uniform ellipticity condition and 
boundedness of the diffusion coefficients implies that the induced Rieman- 
nian metric is quasi-isometric to the Euclidean metric. The ellipticity con- 
dition (I5.8P and Assumption 13.11 would mean the new Riemannian met- 
ric is 'weakly' quasi isometric with the Euclidean metric. For simplic- 
ity, from now on in this seciotn, we assume the coefficients of SDE (jl.ip . 
Ai G C£(R n ), 1 ^ I < m, DAi, 1 ^ I < m and A is bounded and (global) 
Lipschitz continuous in R n . We can also obtain the results under more 
general condition by the cut-off methods used in Section [3j 

For each e € R m , define A(x)(e) = Yl ^i( x )i e i e i) e i where {e^} is an 
o.n.b. of R m . In the case when Ai are smooth and elliptic, this induces a 
smooth Riemannian metric on R n as well as an afflne connection which is 
adapted to the metric such that (V .X)(e)(x) = for all e G [ker X(x)] ± . See 
the analysis in Elworthy-LeJan-Li [3]. This leads to a smooth decomposition 
of (// t(xt)) Wt, where // 1 is the stochastic parallel translation along the 
paths of £ defined using V, into the sum of two independent Brownian 
motions in R m , one of which is intrinsic to 

In the non-smooth case we discuss a smooth approximation which pre- 
serves much of the properties of the connection, which leads to a non-smooth 
Riemannian geometry. We use the approximation argument to prove a in- 
trinsic integration by parts formula. Stronger regularity on Ai, than in 
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sectios [2] and [31 are required. 

For (Af, . . . , A^), the smooth elliptic approximations of (A\, . . . , A m ) 
there are the affine connection V e and its adjoint connection V e given by 

V%U = A £ (x)D(Y E (x)U)(v), v € T X M, U € TTM. 

and 

VfjV = V E V U + [U, V], U, V € TTM. 
In components this reads 

n 

(V £ v U) k (x ) = {DU k ) X0 (v) + Y,(A £ (x )D(Y%x )(v,e J ),e k )U J e k 

3=1 

where (ej) is the standard basis of R n and U = (U\, . . . , U n ) and DY £ : 
R n — > L(R n x R n ;R m ), see [3] and we follow the tradition there and call 
it the LW connection. The last term in the equation can be written as 
T E j k ViUje k where {r^ fc ,l i,j,k ^ n} is a family of real valued smooth 

functions. In particular this is the unique connection such that (V £ V A) X0 = 
for all v € [ker A £ (xq)] ± and xq € R n . 

Given a vector field along a continuous curve there is the stochastic 
covariant differentiation with a fixed connection defined for almost surely 
all paths, given by ^rVt = //ts(//t) _1 ^t where jj t is the stochastic parallel 
translation using the connection V. 

Proposition 6.1. Assume the SDE is uniformly elliptic and A\ € 

C^(R n ) for I = l,...,m. Suppose that DA[, I = l,...,m and Aq are 

bounded and (global) Lipschitz continuous in R n . Let // : R n — > R n and 
II s : R n — > R n be the stochastic parallel translations with the connection V e 
and V e respectively. Then // : R n — > R n and // : R n — > R n converge in LP 
for any p ^ 1 and the martingale part of anti- stochastic development map 
also converges in LP to a Brownian motion Bf. Furthermore the filtration 
of {B s : ^ s ^ t} is the same as that of {£ s , ^ s ^ t}. 

Proof. For any vo 6 R n , let v £ := ]/ s {vq) and v £ := // t (vo). Note that 
the k-th component of such process satisfy dvl' k = —T^j^f)^^ o d^' 1 and 

dv £,k = —T E ' k {^ £ )v{ o d^l' 1 respectively. For simplicity, we only prove the 
convergence of vt, and the same results can be proved for vt as the same 
way. In fact, we have, 

m 

dvt = GmWt)dw i t + cmw^dt (e.i) 
i=i 
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where each Gf(x) for I = 1, ... ,m, is a m x n matrix with the (j, fc) en- 
try given by Ya=i ^■ui x )'^ij' ( x ) an< ^ the drift term Go is the sum of some 
items only involving Ai, Y^'^x) and their first derivatives. Note that the 
Christoffel symbols are determined by A £ {DY £ ) (see the analysis in [3]) and 

DY £ {v) = D(A e )*(v) + {A £ )*D({A £ )*A £ )- 1 (v). 

From the assumption of the proposition we see that Gf, I = 1, . . . ,m, 
are bounded in R n , uniformly in e for e sufficiently small. Let vt be the 
solution to the corresponding SDE (|6.1|) without the e term and some items 
related to the second order derivatives of A\ are bounded modifications of 
the almost sure derivative of D 2 Ai, so the first derivatives of T^- makes sense. 
Then for the linear SDE (|6.ip , by a proof analogous to that of Lemma 12.61 
we have for each t > 0,p ^ 1, 

lim E sup \v £ s — v s \ p = 

Let Bf be the martingale part of the stochastic anti-development map 
Jo (// s)~ l °^s ■ Note that the stochastic parallel translation // s is an isometry 
hence by the convergence results for // , it is straight forward to show that B £ 
converges in LP as e tends to 0. Since for each e, B £ s is a Brownnian motion 
(see [3]), so the limit process B s is also a Brownnian motion. Moreover if 

// s is the inverse of // s , the limit process of // s , B s is the martingale part 
of J" //~ l d^ s . The Brownian motion B. is clearly adapted to the filtration of 
For the opposite inclusion of nitrations, let h^Af) be the horizontal lift 
of Af at frame u and respect to V e in the orthonormal frame bundle. Then 
the horizontal lift of the path £| starting from the initial frame uq satisfies: 

m 

i=i 

Note that the horizontal lift h £ only depends on the Christoffel symbols 
r^ fc (x) and Af. So take e — > to see the above equation also holds without 
parameter e (The second order derivatives of A\ are viewed as bounded ver- 
sion of the weak derivatives) . And it implies that £. , therefore £. is adapted 
to the filtration of cr{B s :} from the stochastic differential equation which 
defines it. □ 

The stochastic processes V h defined in Section [5] are not intrinsic objects 
on the path space. And use the conclusion of Proposition 16. 11 we show that 
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E{TIt(h)\a(£ s (x), ^ s ^ T)} is an intrinsic object where TX{h) is the 
Malliavin derivative of the ltd map X. 

Theorem 6.2. Suppose the same assumption in Proposition \6.1\ holds. Let 
Wt : R n — > R n be the damped parallel translation which satisfies the follow- 
ing equation 

^[W t (vo)] = -^(mc)*(Wt(v ))dt + V £ Wt{vo) A dt Wo(v ) = v (6.2) 

where |j = ((//j) _1 ) and Ric : R n x R n — >• R is i/ie i?icci tensor with 
the connection V and Ric* is i/ie corresponding linear map on defined by // 
R n (The I) , If t are the limit process we get in Proposition \ 6.1\) . Then we 
have, 

E{TXt(h)\a(£ s ,0 ^ s < T)}(0 = W t [ (Ws)' 1 A(Qh s ds (6.3) 

Jo 

Proof. Prom equation (|5.17p . by the boundedness condition we have, it can 
be proved as before as that TIfih) is a Cauchy sequence in L P (P) for any 
p > 0, where I £ is the Ito map defined by SDE f)2 . 3[) . By the closibility 
of Malliavin derivative, we derive that I is differentiate in the Malliavin 
calculus. By Theorem 3.3.7 in [3], for SDE (|2.3[) with smooth coefficients, 
E{TX| (h)\a{£s : ^ s ^ T}} satisfies the equation (16. 3p where process Wj e 
is defined similarly by equation (|6.2p . Note that the parallel translation in 
the equation (j6.2[) is defined by the adjoint connection, which is in general 
not adapted with some metric, so // is not a isometry in general. But we can 
tranform ^ in the equation to ^ defined by original LW connection, and 
the pointwise ODE (|6.2p will become a linear SDE with some torsion terms. 
Also note that we have the following formula for the curvature tensor (see 

®), 

R e (u,v){w)=Y J ^uAUV v Alw)+Y J ^vAl{V u Alw). (6.4) 

i i 

So by the conclusion of Proposition 16.11 and the methodology in Section 2, 
we obtain that 

limE sup \W e s -W s \ p = Q 

for any p > 1. Since W^ 1 also satisfies a linear SDE, but the driven Brown- 
nian motion is with backward filtration, we derive the L p convergence of 
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(WJ) -1 . From that we know B{Tlf (h)\a{£ e s : < s ^ T}} converges to 
Wt J^Ws^AiQhsds in LP for any p > 1. 

Note that for any BC 1 function F on path space, we have 



E 



TXt{h)F{C. 



E 



{wi)- i A^e s )h s ds ) F(e) 



Let e tend to 0, by the convergence results for TZf{h) we have, 



E 



Tlt(h)F(H.) 



E 



(Wt / (W s )- 1 A(^)h s ds)F(i 



which implies the conclusion ()6.3p . 



□ 



As the same approximaion argument, we can prove the following intrinsic 
integration by parts formula 

Theorem 6.3. We assume the assumptions of Proposition \ 6.1[ Let h : 
[0, 1] x Vt — > R n be an adapted stochastic process with h{u) G ([°> 1 l; Rn ) 
for almost surely all ui and E(J Q L \h s \ 2 ds)^~ < oo for some f3 > 0. T/ien 

EdF(W-A) = E[F(0 f (W s h s ,// s dB s )) 
Jo 

for all BC 1 functions F on path space. 
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